TRANSFORMATIONS OF NETS*

BY
V. G. GROVE

INTRODUCTION

It is the purpose of this paper to extend some of the ideas relating to
transformations of surfaces and conjugate nets to transformations of an
arbitrary net. When two nets and the congruence of lines joining corre-
sponding points are so related that the developables of the congruence cut
the sustaining surfaces of the nets in the curves of the net, the nets and
the congruences will be said to be in relation C. Either net will be said to be a
C transform of the other. If the given nets are conjugate nets, then the trans-
formation C becomes a transformation F.t If corresponding points of two
nets in relation C separate harmonically the focal points on the line joining
corresponding points, we shall call the given nets K_; transforms. If the
given nets are conjugate nets, then the transformation K_, becomes the
transformation K of Koenig.! We shall consider these and related trans-
formations in some detail.

1. THE DIFFERENTIAL EQUATIONS
Let

y(k) = y(")(u,v), FALOE z(")(u,v) (k = 1)2)3’4)

be the parametric equations of surfaces S, and S, but assume that neither
surface is a focal surface of the congruence G of lines g joining the points y
and z. Suppose that the parametric nets N, and N, on S, and S, and the con-
gruence G are in relation C. Evidently the tangents to the curves » = const.
on S, and S, are coplanar and similarly the tangents to v = const. are coplanar.
The functions y® and 2® will satisfy a system of differential equations of
the form§

* Presented to the Society, December 31, 1926; received by the editors in October, 1927.

t L. P. Eisenhart, Transformations of Surfaces, Princeton University Press, 1923, p. 34. Here-
after referred to as Eisenhart, Surfaces.

1 Eisenhart, Surfaces, p. 57.

§ G. M. Green, Memoir on the general theory of surfaces and rectilinear congruences, these Transac-
tions, vol. 20 (1919), p. 149. Hereafter referred to as Green, Surfaces.
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The coefficients of
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Yuu = a(ll)y“ + b(ll)y. + c(ll)y + d(ll)z,
Yuo = ¢y, + by, + Dy + 0Dz,
Yoo = a®Dy, + by, 4 @Dy 4 JOB3,
Zy = MYy + vy + gz,
Zy = 'y, + 9’y + 4=

ditions*:

(2a)

(2b)

(20)

a1 — gD } gUDpU) _ GENHAD 4 ()
= — mdO®,
BN — pAD J gUDHAD 4 (HUD — gUD)HUD _ HADHED — D)
= n'dav,
1D — D 4 gUDAD 4 (pU2) — GUD)UD _ HADED)
= p'dan — pdan,
dSD — gD g(ngan 4 (pan — gA)Fa — pangen
= ¢'daD — gda» ;

Al — gD 4 gD 4 (HEV — gUD)g(12) _ NG 4 ()
= — md(n)’
B — pAD 4 gDHAD _ GUDHAD _ (D
— n’d(ﬂ),
Cf — B 4 gD | (pD — (D)D) — DD
—_ p'd(m) — pd(ﬂ),
du(”) —_— dv(lﬂ) + a(22)d(ll) + (b(22) - a(l2))d(l2) — b(lZ)d(22)
= q'd(u) —_ qd(n) ;

—my+ (W —m)aW+p' = —¢'m,
7y + (0" — m)p» — p = qn’,
Pl — po+ (0 —m)cD = gp' —pq,
g — go+ (' — m)a® = 0.

July

system (1) satisfy the following integrability con-

If the fourth and fifth equation of system (1) are solved for y, and y,,
and if the resulting two equations are differentiated with respect to % and v,
we obtain the following equivalent system:

* Green, Surfaces, p. 150.



1928] TRANSFORMATIONS OF NETS 485

Ty = a(ll)z“ + B(ll)z” + .Y(ll)z + 5(11)),’
Zuy = a(Wg,  LUDZ, | 4Oz | saDy,

€)) Bgo = a(®g, 4 BOVZ, 4 4 ODg | sy
Yu = p2u + 7z +«y,
Yo = vz, + 7'z + Ky,
wherein
) = gb 4 _.p+ _'.'f"_|. q, B = _mb(u),
m m n'
(3a)

5D = _— m[a(u)_’L + b(")?_' + <_p_)’_ D — i (ﬁ)],
m n m ou \m

12 it 12 1 n
@) = gt» 4 7 gan = puv 4 =
m n

(3b) , ,
541 = — m[am)i + b(m)p P_?_ can — (_’L)]
m n mn dv \m
’ 4 /
= — 9 [ b(m.t_ + a2 — ? —_ ﬁp_ — ch2) — (_'i.)],
n m  mn ou \n'
@) — ul e g @ = pen P n ’
al® = —a B O = + s + 7 +4,
(3c) , o\
502 = [a(zz)f_ + b(n)f_ + (_) — ™ — _(__)]
m
1 1 4 ? q q
(3d) #=";;a V'=;, K=—;,K'=—7, ‘l'=—;n—:""="—,'-

The differential equation of the asymptotic curves* on S, is
) dWdu? 4 24D dudy + ddy? = 0,
and the asymptotic curves on S, are given by the equation
(5) §A0dy? + 2500dudy + 3 dy? = 0.

The surface S, is therefore a developable if d1Dd3» — (d(19)2=(. A similar
statement holds for S,. We shall assume hereafter that neither S, nor S,
is developable. If d» =0 the parametric net on S, is conjugate; if dV =4@
=0 the parametric net is asymptotic. Similar statements hold for the para-
metric net on S..

* Green, Surfaces, p. 151.
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2. THE FOCAL NETS OF G
Any point P on g is defined by an expression of the form
P =y 03.

As y(z) describes a curve v=v(x) on S,(S.), g generates a ruled surface. If
this surface is a developable, the point dP/du lies on g. Imposing this
condition we find that the developables are given by the differential equation

(6) (n' — m)dudy = 0
and the focal points by
@) mn'6: 4 (m + 1)+ 1=0.

The focal points of g are therefore

T=my — 3,

@®

v =n'y — 3.

We shall call the nets N, and N, the focal nets of G. 1f the focal surfaces S,
and S, are not developable, the nets N, and N, are conjugate. Equation
(6) shows that the developables are indeterminate if m —n'=0. In this case
we shall call N, and N, radial transforms. Unless explicitly stated to the
contrary, we shall hereafter assume that N, and N, are not radial transforms.

3. THE TRANSFORMATIONS L AND L’

From the last two equations of system (1) we find that the points of inter-
section of corresponding tangents to the curves of nets in relation C are de-
fined by the expressions

r= yu+£y = (2 — q2),
m
© 5
s =19, +?y = (2, — ¢'7).

The line % of intersection of the tangent planes to S, and S, at correspond-
ing points y and z generates a congruence H. We may in the usual way show
that the differential equation of the net corresponding to the developables
of the congruence H is

(10) (mdAvsUD — p/duDFAD)dy? 4 [m(GUDFED 4 JUDFAN)
— w(dO5UD 4 Ju5aD)|dudy — (#'dEPEUD — mdUDFEN)dy? = 0.
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The focal points of % are defined by the expressions
Pia=r+ 0138,

where 0,z are the roots of
(11) m(d@sa — gang)ge [”l(d(zz)a(n) — dungan)
— m(dnsan — gangamn) ]9 — /(1D — gangan) = (,

The harmonic invariant of (4) and (10) is
(m — #")(dAD3eD — gansan = 0,

Hence the congruence H will be harmonic to S, if and only if G is conjugate
to S.. Stmilarly H will be harmonic to S, if and only if G is conjugate to S,.

We shall call nets N, and N, L transforms or in relation L if they are in
relation C and if they correspond to the developables of H. Nets N, and N,
in relation C will be L transforms if

(12) mdAV§AD — yJADFAD = »/JENFA2) — ydUD5(E) = (),
Hence if N, and N, are in relation F they are L transforms. If N, and N,

are asymplotic nets, they are L transforms. Suppose N, and N, are neither
conjugate nor asymptotic. Then from (12) we obtain

d(ll)d(22) 5(11)5(22)

dan*  — san?

Hence the tangents to the curves of non-asymptotic nets in relation L form the
same cross ratios with the asymptotic tangents associated with the surfaces on
which the weis lie. In particular if the tangents to the curves of a net on a surface
form a constant cross ratio with the asymptotic tangents, any L transform of
the net has the same property, the constant ratio being the same for all nets in
relation L*.

From (1) we see that the focal points of % lie on the tangents to the
curves of nets in relation C if and only if

(13) de§) _ Jange = Juanga — Jungan = (.

We shall call such nets N, and N, L' transforms or nets in relation L'. Hence
if N, and N, are F transforms they are L' transforms; if they are asymptotic
nels in relation C they are L' transforms ; if they are in relationC and the asymp-
totic curves on the surfaces on which the nets lie correspond then the nets are L'
transforms.

* This statement of the theorem includes the case in which the nets are conjugate.
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From equations (13) we find that
d(ll)d(22) 6(11)5(22)

dan? sa»?

Hence the tangents to the curves of mom-asympiotic nets in relation L' form
the same cross ratio with the tangents to the asymptotic curves on the surfaces
on whick the nets lie. In particular if the tangents to the curves of a net on a
surface form a constant cross ratio with the asymptotic tangents, any L' trans-
form has the same property, the constant ratio being the same for all nets in
relation L' *

From (12) and (13) we see that nefs in relation C are both L and L' trans-
forms if they are in relation F or are both asympiotic nets. From (11) we find
that tke focal points of h corresponding to non-conjugate nets N, and N, are
indeterminate if and only if N, and N, are radial transforms and the asymplotic
curves on Sy and S, correspond. In this case the net (10) is indeterminate. If
N, and N, are conjugate nets the focal points of h are indeterminate if these
nels are radial transforms and if the asymptotic nets on S, and S, correspond.

4. COAXIAL NETS IN RELATION C

Let the curves of the two nets N, and N, be union curves of the con-
gruence G. We shall call such nets coaxial nets since they have the same axis.
From the first and the third equations of (1) and (3) it follows that the nets
N,and N.inrelation C are coaxial netsif and only if 510 = g?» =80 = (22 =0,
From (3a) and (3c) it follows that if a net N, is in relation C to its axis con-
gruence G, any C transform N. of N, by the same congruence G has G for its
axis congruence. N, and N, are coaxial nets in relation C.

We may readily verify that the curve v=const. on S, is a plane curve
if and only if the invariant

(14) G, = bUD(gga 4 panga 4 ggan 4 Jan)

— d(ll)(a(ll)b(ll) + b(ll)b(l2) + b“(ll))
vanishes; the curve # = const. on S, is plane if and only if
(15) G) = a@(hDJaD 4 g(GNIUD 4 g/g@) 4 g, (22)

—_ d(22)(a(22)b(22) + 0(22)0(12) _I_ a”( 12))

vanishes. Similar expressions G. and G.’ may be written for the curves
p=const. and #=const. on S,. From (14) and (15) it follows that if N,

* This statement of the theorem includes the case in which the nets are conjugate.
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and N, are coaxial nets in relation C they are nels of plane curves.* Moreover
it is readily proved that if N, is a net of plane curves and N, and N, are
coaxial they are in relation C, and N, is also a net of plane curves.

Suppose that N, and N, are in relation C to the axis congruence of N,
and that N, has for one (or both) of its component families one (or both)
of the families of asymptotic curves of S,. Then that family of curves con-
sists of a set of rulings on the ruled surface S..

The ray of the point y with respect to the net N, joins the points

Py = Yu — d(n)(b(lz)d(ll) — b(ll)d(ﬂ))y,

(16)

= — (12) J(22) —_ 4(22)4(12)
oy = Yo d(zz)(a d aDgan)y,

The ray of the point z with respect to N, joins the points

(5(12)5(11) — 3(11)5(12))2 ,

Pz = 2y —

6D
¢Y))

(a125022) — g@n5aD)z,

O = Zp —

8(22)

Suppose that p, and p, are distinct. The line joining p, and p, intersects g
in the point

m
dan

P, = [ p+ (pavgavn — b(u)d(m)] y
(18)

+ [ q - _8_(11;17(6(12)5(11) —_ 3(11)6(12))]2.

Similarly o,0, intersects g in the point P, defined by

nl

P, = [?' + (a2 — a(zz)d(lz)):l y

4@
(19)

+ [q, — 1 (125022 — a(”)é(“)):lz.
5022)

The point P, will coincide with the focal point 7’ of g if and only if

m
(dangdan — pangany,

1
4 —_ (12)§(11) . g(11)5(12) = — P —
" [q (Bws» — gavg )] P =

san

* G. M. Green, Nets of space curves, these Transactions, vol. 21 (1920), p. 231. Hereafter
referred to as Green, Nets. See also G. M. Green, Projective differential geomelry of one-parameier
Jfamilies of curves, etc., American Journal of Mathematics, vol. 38 (1916), p. 304.
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Using the expressions for B and % from (3a) and (3b) this condition
may be reduced to
d(l2) 6(12)

= pan .
dan san

pan

Similarly the line 0,0, meets g in the focal point 7 if and only if

a2 a2
)

= g

FID) 52

a@®

Let us call the points p,, p., 7’ focal points of the first rank, and oy, o,, T
focal points of the second rank. It follows therefore that the lines joining cor-
responding focal points of the tangents to the curves of nets in relation C with
respect to a congruence intersect the lines of the congruence in the focal points
of the same rank if

(a) the nets are coaxial, or if
(b) tke nets are in relation F,* or if
(c) the asymptotic curves on S, and S, correspond.

5. THE DERIVED CONGRUENCES OF G. THE RELATION R

We shall call the tangent to C,(C,) on the focal surface S,.(S,) the minus
first (first) derived congruence of G. We find that the minus first derived
line of g joins the point 7’ to the point

14 — g1

(20) Tyt = ——— = yu — buny.
n —m

Similarly the first derived line of g joins 7 to the point

(21) T} = =y, — aPy.
Comparing (20) and (16), we find that the minus first derived line of g
intersects the tangent to C, on S, in the focal point if and only if (10d1» =0.
Similarly the first derived line of g meets the tangent to C, on S, in the
focal point if and only if ¢*d0? =0.
Hence the minus first (first) derived line of g intersects the tangent to C.(C.)
on S, in the focal point on this tangent if g lies in the osculating plane to C.(C,)
at y, or if N, is a conjugate net. A similar statement may be made of N,.
Hence the derived lines of g meet the tangents to the curves of nets in relation C

* Eisenhart, Surfaces, p. 94, exercise 20.
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in the focal points of these tangents if (a) the nets are in relation F or if (b) they
are coaxial mets.

We may readily verify that the asymptotic nets on S,. and S, are defined
by the differential equations

(#' — n) + w'qg)dut — (n' — m)bWWdy? = 0,

(22)
(p — mu + mq)dv? — (m — n')a?®du? = 0,

respectively. Therefore, if the line g in relation C to N, and N, lies in the
osculating plane to C,(C,) on S, or S, the focal surface S,-(S,) is developable.
If N, and N, are coaxial nets in relation C the focal surfaces of G are both
developables, the generators forming the lines of G.

The points Ty and Tt defined by (20) and (21) have an interesting
interpretation. Any point r on the tangent to C, at y is defined by an ex-
pression of the form

r = yu — Ny,
As y moves along C, the tangent to C, on S, generates a ruled surface R™
and r traces out a curve on R®. A point on the tangent to this curve is
n =1, —ar = (a2 — a)y, — (B =N)y, + (¢ — N, + aN)y + d1P3,

Hence the tangent to the curve traced by r as y moves along C, lies in the
plane determined by g, r and y if and only if
A = b,
This value of A determines the point
Tt =y, — by,
The point T;t! has a similar interpretation.

The line T;1T 3! is called the line in relation R to g with respect to N,*.
The points

(23) Tl =g, — B0z, T#' =3, — al®
may be similarly defined. If N, is a conjugate net the points Ty ! and T,
are the Laplace transforms of y. We may state our results as follows:

The derived lines of g meet the tangents to the curves of non-conjugate nets in
relation C to G in points which determine the line g’ in relation R to g. The derived
lines of g meet the tangents to the curves of conjugate nets in relation F to G in
the Laplace transforms of the surface point y.

* Green, Surfaces, p. 86, and footnote p. 87.
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The tangent to C, at T;! on the surface generated by this point cuts

g in the point

(24) (a(lz)b(lz) + 6(12) — b”(ll))y + d(lz)z'

Similarly the tangent to C, at T/}! cuts g in the point

(25) (a®pUD 4 1) — gAYy 4 Jadg,

The points determined by (24) and (25) coincide if '» =0 or if ¢,19 — 5,09
=0* In case d"® 0 and ¢,'» —b,'» =0 the developables of the congruence
of lines g’ in relation R to g correspond to a conjugate net.

Comparing the expressions (20) and (21) with (9), we find that the line
h of intersection of corresponding tangent planes to S, and S; is in relation
R to g with respect to N, if and only if

? v’
(26) bUD = =0, gD + — = 0.
m n

Similarly % will be in relation R to g with respect to N, if and only if
(27) BUD — g =0, ot — g =0.
From (3b) and (2c) we find that

, nl P,
a® — ¢ = —(gm 4 =),
m

n
BUD — g = ﬁ,(bm) + i)
n m

Hence if Ny, N,, and G are in relation C and if H is in relation R to G with
respect to N, it is in relation R to G with respect to N.,.
From (16) and (17) we note that the focal points p, and p, coincide if
and only if
m(bADIAD — paAnIUD) L pdAD = (),

BUNFAD _ ULFAD _ g5aD) = (,

These conditions may be reduced by means of (3a) and (3b) to

P 412 ? 6112
an 3 £ o pan ap 4 2 _ pan
(28) bUB + m b aan’ b0 + m b san

* V. G. Grove, A theory of a general net on a surface, these Transactions, vol. 28 (1926), p. 495,
footnote.



1928] TRANSFORMATIONS OF NETS 493

Similarly the focal points ¢, and o, coincide if and only if

pl 4 / 6(12)
2 a2 4 = = g2 =g .
(29) + n den’ n 522

We shall call nets N, and N, coradial nets if they have the same rays. Hence
coaxial nets in relation C are coradial if and only if h and g are in relation R.
If the nets are in relation F they are coradial if and only if the two derived lines
of g intersect k. In order for nets which are non-conjugate and not coaxial
to be coradial it is necessary that the asymptotic curves on the sustaining
surfaces correspond.

We may readily verify that the lines in relation R to g with respect to N,
and N, intersect % in the points

(30) (am) + _p_,), — (b(l2) + _ii)s, n'(a“” + P_,>r —m(b“” + i)s
n m n m

respectively. These points coincide if N, and N, are radial transforms. Sup-
pose that neither of the points (30) coincide with r or s. The cross ratio of
the points r, s and the points (30) is m/»’. Hence if the lines in relation R to g
meet k in distinct points, the cross ratio of these points and the poinis r and s,
and the cross ratio of the points y, z, T, 7’ are equal.

Similarly we may prove that if N, and N, are L’ transforms the rays of N,
and N, cut % in points forming with r and s the same cross ratio that y and
2z form with the focal points of g.

6. THE TRANSFORMATIONS Kp

We shall call nets N, and N, in relation C Ky transforms if

62

(31)

logR =0,
dudv g
wherein the cross ratio (y, 7/, 3, 7)=m/n’=R. If N, and N, are in relation
F and are K_, transforms, they are K transforms in the sense of Koenig* since
corresponding surface points separate the focal points of g harmonically.
"From (3b) we find that

2

a M — BN = gan _ pan 4 log R.

dudv

Hence if the line in relation R to g with respect to a net is harmonic to S, the
same property is enjoyed by any Kg transform of the given net.

* Comptes Rendus, vol. 113 (1891), p. 1022. Eisenhart, Surfaces, p. 58.
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Suppose that N, and N, are K_, transforms. We find from the integra-
bility conditions (2c) and m+n'=0, that
] 4
—logm + 2¢0» + — = ¢/,
32) 9 n
( 3 s
—log n’' + 26 4 — = gq.
d m

Differentiating (32) with respect to # and v respectively and subtracting,
we find that

/ i}
2(a, 1 — b, (1)) 4 _a_(.?_) —_ _(_P_) + g0 — q“' = 0.
du\n'

9y \m
But from (2¢)
q — go = (0 —m)a»;

B(N_3(2\_ (v _ nsa»
au(n') av(m)_(” mn.

We have, therefore, the theorem of Koenig*: K transforms have equal point

tnvariants.
Let now N, and N, be coradial nets in relation F. From (28) and (29)

and (2c) it follows that

and from (3b)

2

log R = 0.
oudv g

Hence if N, and N, are coradial nets in relation F, they have equal point

invariants.t
The ray curves of N, form a conjugate net] if

a a(22)d(12) a b(ll)d(lz)

(33) _<a(12) - ) - _.(b(lz) — ) =0
ou aen v dan

The ray curves of N, form a conjugate net if
a a(22)6(l2) a 5(11)5(12)

(34) _(a(lz) — ) - __(5(12) — ) =0
du [ v §av

Let N, and N, be L transforms. Equation (34) may be written

* Comptes Rendus, vol. 113 (1891), p. 1022.
t Eisenhart, Surfaces, p. 68, exercise 16.
1 See V. G. Grove, loc. cit.
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F) da2 F) 40 FY
.——(a(m — a® ) - —(b(m - b‘“’—) = — log R.
ou aen 99 aan dudy

Hence if two nets N, and N, are L transforms in the relation of a transformation
Kk, the ray curves of N, will form a conjugate system if and only if the ray
curves of N, form a conjugate system.

7. PENCILS OF CONICS IN THE TANGENT PLANES
Consider the points
(35) 7=y — Ny, s =9, — uy,

lying on the tangent lines at y to the curves of the net N,. If use be made
of (9), (35) may be written

r’=r—()\+£)y, s’=s—(n+£>y.
m m

The pencil of conics tangent to the parametric tangents at ' and s’ is
therefore

’ 2
(36) 2kyxo23 = [xx + (7\ + i—) %2 + (# + %) xs] , 2a=0,

the tetrahedron of reference being y, r, s, z.
Similarly the pencil of conics tangent at

’

=g, —Nz=mr — (\ — ¢)z,

s =g, —pz=1n's — (4 — ql)Z,
referred to the same tetrahedron is

’

q 2
x3+x4], x = 0.

xl — !
37 2koxoxy = [ qxz + £
m n

The conics (36) and (37) determine two involutions on the line 4. These
involutions will be identical if and only if

(38) (& + M)’ — ¢')* = (p' + pun')* (N — )*.

Suppose that the points ¢/, s’, 7"/, s’ are the focal points on the lines on which
they lie. From (16) and (17) it follows that

panga2) BUDF(2)
A = pan — N = pa» — ,
dan ’ FYSEY)
39
(39) a2 gam 223502
n = a1 — , W o=at» —

4e §(22)
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Suppose now that N, and N, are L’ transforms. Equations (38) under con-
ditions (39) may be written

+ b(lz) mb(ll)d(l2) 2 P’ + ”’0(12) n’a(22)d(l2) 2
m — —
? aan m md 2
n’a(ZZ)d(n) 2 p + mb(l2) mb(ll)d(l2) 2
—_ ’ !5 (12)
= n'a(12 — - .
(P + D) ) ( " JaD )
Hence
m: — n'? =

We may state our results as follows: Lef the parametric nets N, and N, be in
relation L'. The pencils of conics tangent to the paramelric tangents at their
focal points determine the same involution on k if and only if L' is K_;. If
the parametric nets are in relation F, we have the theorem of Eisenhart*:

The two pencils of conics tangent to the parametric tangents to the curves
of nets in relation F determine the same involution on the line of intersection of
corresponding tangent planes if and only if the nets are in relation K.

Let N, and N, be K_; transforms in relation L’. The two conics (36)
and (37) under conditions (39) have a point in common if and only if

(40) ki = m2ky + 2<>\ + P)(,; + p—)
n

m
The pencil of quadrics determined by these conics under condition (40) is

. ?2\* P"\? ?
22 +{N+ xd +\pw+—)xd +mxd + 2( N+ — ) xixe
n m

m

(41) + 2(# + _p_,) %123 + 2ksx104 — 2[(1 + X)(i, + #)
n m m

’

+ m’kz] X2X3 — 2m ()\ + i) X2X4 + Zm(u + -P—,)xaau = 0,
m n

the tetrahedron of reference being y, r, s, z. The two quadrics of the pencil
(41) tangent to the line g are determined by the parameter values k;= +m.
These values of k; are the parameter values of the cones of the pencil provided
all the quadrics of the pencil are not cones. The codrdinates of the vertices
of the cones are for

* L. P. Eisenhart, Conjugale systems with equal point invariants, Annals of Mathematics, (2),
vol. 18 (1916), p. 14.
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ks = m, [m’kg, 0, 2m<)\+£>, kl],
m
p/
ka'—“ -_m, [‘mzkz, 2m<u+-—,), 0, kl].
n

We readily verify that the first vertex of (42) lies on a7, and the second
vertex on p,r’. The pencil (41) cuts the line g in an involution whose double
points are the focal points of g. We may state our results as follows:

(42)

If Ny and N, are K_, transforms in relation L', an~ two of the conics (36)
and (37) with values of \ and p given by (39) meeting on h determine a pencil
of quadrics which cut g in an involution whose double points are the focal points
of g. The two cones of the pencil are the quadrics tangent to g at the focal points
of g. The vertices of the cones are on the lines joining corresponding focal points
on the parametric tangents.

If in the above theorem the restriction that N, and N, be L’ transforms be
removed, and the condition of being coaxial be imposed on the nets the re-
mainder of the theorem is true. Also let N, and N, be coaxial nets in relation C.
It follows that the pencil of conics tangent to the parametric tangents at their focal
points determine the same involution if and only if C is K_,.

Let now N, and N, be non-conjugate nets in relation C not necessarily
L'. The wording of the above theorem for parametric values A =512, y = g2
then holds.

The vertices of the cones in question lie in this case on the derived lines
of g.
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